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Calculus of Variations

This exam is open book and open notes. You may consult additional references. You
may even discuss the problems (with anyone), but you must prepare and turn in your
own solutions, and give credit where credit is due as explained in the course information
sheet on the course website. If you consult additional references, please use the notation
used in our textbook when you write your solution, to show that you’ve understood as
opposed to just reproduced the method.

Please apply the methods from the Calculus of Variations section to solve the following
problems (and justify your answers). Justification includes stating all assumptions that
you make in applying the methods, and showing all of the steps involved.

Let p1, p2 and p3 be the first three nonzero digits of your university ID number. Please
do not write your entire ID number on your solution.

1. Fairly routine problems:

(a) Find the extremal of

J1 =
∫

p1

1

ẋ2t3dt

subject to x(1) = 0 and x(p1) = 3.

(b) Find the extremal of J1 subject to x(1) = 0 and x(t1) lies on the curve

x(t) = 2t−2 − p2.

(c) Find the curve x(t) on the interval t ∈ [0, p1] that minimizes

J2 =
∫

p1

0

(ẋ − 1)2x2dt

subject to x(p1) = p3.

(d) Find the curve x(t) on the interval t ∈ [0, 2] that minimizes J2 subject to
x(2) =

√
p2.

2. An isoperimetric problem: Find the curve x(t) of length π on the interval t ∈ [0, p3]
such that

J =
∫

p3

0

xdt

is maximized. (You’ll need to characterize the constraint on the length of the curve
and use Lagrange multipliers and find the appropriate necessary condition for the
curve to satisfy.)


