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Abstract—Lateral comb resonators (LCRs) theoretically possess
a symmetric structure; therefore, the electrostatic force is effective
only along the axis of displacement and is neutralized elsewhere.
This force is not a function of the distance between the stationary
and the moving (shuttle) plates in the direction of the movement.
However, manufacturing imperfections and fault conditions make
the device operate asymmetrically and cause rotation of the shuttle
structure in a lateral gap-closing direction, putting the device in
an unstable region of operation (pull-in voltage limit). In this region, the rotated structure experiences an extra force which pulls
the device into the region of instability beyond the pull-in voltage
limits. This paper illustrates the application of variable structure
controllers to correct such behavior and to compensate for the uncertainties that exist in the microsystem parameters. The controller
is equipped with a self-tuning parameter estimation block and is
designed to control the LCRs under both normal and fault conditions. The controller utilizes through-wafer optical monitoring
to provide the position feedback signal. The controller is implemented in a real-time control board and is experimentally verified
to demonstrate the effectiveness of the control method under different operating conditions.
Index Terms—Fault, lateral comb resonator (LCR), pull-in
voltage, structure rotation, variable structure control.

I. INTRODUCTION

T

HE structure of lateral comb resonators (LCRs) experiences rotation under conditions of over-excitation, overloading, and the occurrence of faults. Ideally, the equal distance
of the shuttle fingers from the stationary comb fingers generates equal force at both sides of the shuttle finger and leaves
the device leveled while translation occurs in the main direction
of movement. Therefore, the generated electrostatic force along
the direction of movement becomes a function of the constant
inter-digit side gaps of the comb drives. In reality, however, imperfect manufacturing steps and parameter variations can cause
structural asymmetries and influence the motion of the device
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[1]. The occurrence of a fault can also influence the symmetrical motion and push the device toward instability.
The system’s parameter values—such as the mass, spring
constant, and damping coefficient—possess uncertain variations among different devices of similar design and might
change during the operation. Moreover, occurrence of a fault
could result in asymmetries in the output displacement of the
microsystem and make the shuttle rotate around the point of
fault. Rotation of the shuttle makes the gap-closing uneven and
locates the shuttle fingers in a closer position to the stationary
combs. This nonuniform gap closing would result in extra
attraction force production in both the - and -axes and results
in the pull-in voltage effect in the side-gaps of LCR fingers [2].
The occurrence of a fault and its resultant shuttle rotation are
explained in detail in the problem definition Section III.
In some applications (such as gyroscope arrays), a number
of LCRs with different parameters are required in order to be
controlled to follow the same pattern and resonate coherently.
In this case, there is a need for precise control of these devices to follow the desired trajectories regardless of their different parameter values and variations. Conventional controllers
[3] can control the displacement, but they require the precise
values of the system parameters [4], [5]. Therefore, higher level
controllers are required for systems with uncertain parameters
[6]–[8].
Variable structure controllers (VSCs) were developed in the
early 1950s in the Soviet Union in order to stabilize control
systems [9]. Applying sliding mode theory to variable structure
controls introduces the concept of sliding surfaces, which
separates regions of operation into sliding and nonsliding parts.
Switching surfaces determine the sign of the control command
according to the sliding direction [10]. Generally, VSCs are robust and perform well under parameter uncertainties and noise
[10], [11]. They also perform tracking well under transient
conditions [12], [13]. A precise and hypothetical model of an
LCR for VCRs can be generated by self-tuning estimators. A
combination of the self-tuning and variable structure controller
(STVSC) provides an accurate model of the system and acts as
a robust switching controller [14]. Furuta [11] has introduced
the application of the VSC to unknown parameter plants using
minimum variance and least square techniques.
This paper provides a second-order model with uncertain
parameters for LCRs and investigates the shuttle rotation and
pull-in voltage effect due to a fault. The fault is modeled as an
adhesion point on the shin of the folded springs, and parameter
uncertainty is modeled as a 5% additional mass on the shuttle
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Fig. 1. (a) Designed LCR. (b) Mass-spring-damper schematic model of LCR.

of a separate device. These two devices are designed and fabricated to experimentally validate the effectiveness of STVSCs
in controlling LCRs under both normal and near pull-in voltage
limit conditions.
II. MEMS SYSTEM DESCRIPTION
Microelectro mechanical (MEMS) systems are miniature devices that are manufactured in different forms for precise applications in sensors and actuators. LCRs are mainly used in
accelerometers as resonators, and drivers in microsystems [29].
A typical LCR [shown in Fig. 1(a)] consists of a moving stage
(also known as a shuttle), stationary combs, and suspension
springs on both sides. The LCR can be modeled as a mass spring
damper system in a second order differential equation. Micro
comb resonators are usually electrostatically excited devices.
This force is a function of applying two identical opposite-sign
dc voltages onto the stationary combs at both sides of the LCR
and a time-varying voltage (typically a sine wave) to the shuttle.
This allows the device to follow a certain trajectory and to accomplish a specific task. In control applications, both dc voltages and the sine wave can be controlled. In this paper, the
DC voltages on the stationary combs are kept constant and the
voltage applied to the center comb is controlled by the controller. The ideal electrostatic force depicted in (1) is a function of the applied voltages and geometry of the device, although there are many other phenomena that affect the force
value which are not considered here [3]. The ideal force is expressed as

where is the mass of the center comb (shuttle), is the displacement, is the spring constant of one side, is the damping
coefficient, and
is the force of the load. In the driving of microstructure applications (such as connecting a beam to rotating
gears), the load can be applied directly to the shuttle.
The LCR structure primarily consists of polysilicon layers
which are composed of “grains”—regions of different size and
crystalline orientation. The size of these grains changes during
thermal processing of the device, consequently affecting the
properties of polysilicon. In addition, the surface of the layers
might be cut due to an effect called the “knife effect” [26], resulting in a rough surface. These effects change the electric field
distribution and contribute to fringing of the field, resulting in
parasitic force generation.
Total shuttle mass (moving part) varies in different devices
even if they are fabricated via the same process and released at
the same time. Thus, the mass value has a degree of uncertainty
that results in change of some critical parameters like resonant
frequency.
For devices not operating in a vacuum environment, the
damping coefficient is a function of air viscosity and the geometry of the plates facing each other. In LCRs, the damping
coefficient is also related to penetration depth of airflow above
the shuttle [3], [24]. The spring constant of suspension springs
is also altered by manufacturing processes such as photolithography and material growth.
The ideal device requires a symmetrical structure and the design-determined parameter values; however, as mentioned earlier, the manufacturing steps and operating and environmental
conditions make these values deviate from the ideal case.
If we incorporate all of the uncertain parameters into the
system, we may redefine it mathematically as
(3)
where
denotes uncertain values of their associated parameters. In general, the desired system operates according to (2)
whereas the manufactured device behaves according to (3). The
device might be operational in case of simple parameter variations; however, defects or faults, specifically those on the suspension spring’s structure, are more likely to develop a failure
in the device. Electrostatic force is used as a means to control
and compensate for these uncertainties in an operational device.
Therefore, in this paper, the uncertainties are considered as the
parameter variations.
III. PROBLEM DEFINITION

(1)
is the electrostatic force, is the number of fingers on
where
one side, is the permittivity of air, is the length of a finger,
is the gap between fingers, and
and
are the applied stator
and shuttle voltages, respectively. Humidity and capillary forces
result in stiction and wearing of the polysilicon, contributing
to force distortion. Thus, the actual (nonideal) generated electrostatic force is an uncertain quantity of uncertain parameters
and unknown variables. A simple mass spring damper model
[Fig. 1(b)] for the system can be written as
(2)

Occurrence of fault in the microsystem might change the
symmetry of shuttle’s displacement. For example, a particle attached underneath the suspension spring or a fracture on the
flexure arm could limit the displacement on one side and result
in rotation of the shuttle. To experimentally show the effect of
the limiting point adhesion fault, a device with an anchor on the
shin of the folded spring structure was fabricated (Fig. 2). Displacement of the shuttle along the -axis results in rotation of
the stage through angle from its initial location along the point
adhesion (Fig. 3). This rotation produces an uneven gap closing
along the -axis, orthogonal to the direction of movement. This
may change the force balance in that direction and result in more
attraction on one side with respect to the other side of the comb
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to mitigate the uncertain parameter variations and control the
trajectories beyond the pull-in limits under fault conditions.
IV. SELF-TUNING ESTIMATOR

Fig. 2. Point adhesion as fault on the beam of the suspension spring [27].

The self-tuning systems adjust the parameters of a hypothetical system and match the output of the hypothetical system with
that of the actual system. Different parameter estimators are
used depending on the characteristics of the system. In systems
with highly varying dynamics or those with subdynamics, the
gradient method is commonly used. As the sets of input-output
change, the self-tuning estimator is updated in order to follow
the zero estimation error. In this paper, the gradient method is
applied to follow the parameter variations from different devices
and during the operation (fault).
Considering a model follower controller (model-based VS),
the dynamics of the model (with known parameters) and that
of the plant (with unknown parameters) in general th-order
systems (the highest power of the denominator’s polynomial)
are represented as

(4)
Fig. 3. Schematic demonstration of the rotation of the shuttle in long displacement in the presence of the point fault adhesion. (To better show the shuttle
rotation, the amount of rotation is exaggerated.)

is the hypothesized model’s output and
is the
where
and
are the related input–output values
model’s input.
and
are the plant system
applied to the LCR (plant).
and
are the corand input matrices, respectively, and
responding system and input matrices of the model. Filtering
the input–output equation using an th order monic polynomial
yields the matrix form system as (for mathematical derivations,
please see [15])
(5)
is a
vector containing the unknown coefficients
where
and is avector containing the filtered signals

Fig. 4. Rotation of the shuttle and the force generation in x- and y -axes due to
the adhesion point.

(6)
(7)

fingers. Fig. 4 shows the schematics of one inter-digit force balancing under normal and fault conditions. In the case of longer
displacement, the shuttle comb fingers become closer in position to the stationary combs and make the system behave more
like a set of parallel plate actuators in gap closing in the -axis
direction. This phenomenon produces an extra force along the
rotated angle of the device by generating two force components
on the - and -axes, both of which contribute to the shuttle rotation under unbalanced conditions.
Similar to parallel plate actuators, if the gap is smaller than
2/3 of the total gap , the device becomes unstable. Then, the
force along the -axis becomes dependent on the distance of the
which at a certain point produces a pull-in voltage
plates
effect [2]. The rotation angle depends on the amount of displacement along the -axis, where the natural positive feedback of the
electrostatic force introduces more complexities to the control
of the device. Under these conditions, an STVSC is employed

where
is the aforementioned filtering polynomial with
and is the Laplace opknown coefficients
erator. Note that the number of unknowns in numerator and
denominator of the plant can be different, which requires order
allocation and elimination of the known parameter and its corresponding signal from and vectors, respectively. During
the adaptation process, plant parameters are adjusted such
that the estimation error reaches zero. Applying the estimated
values , the estimated output is obtained as
(8)
The difference between the plant’s output and that of the
model is the estimation error and is computed as follows:

(9)
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The parameter adaptation technique depends on the estimation error, a corresponding filtered signal and the adaptation gain
which determines the adaptation rates. It can be obtained as [15]
(10)
where
is the adaptation gain. The self-tuning technique
considering the parameter adaptation rule (10) is asymptotically
stable; considering a Liapunov function as
(11)

However, since the self-tuning estimator assures a zero estimation error, the sliding surface exists after the adaptation is
completed. These two criteria provide further proof for the existence of the control law.
B. Control Law
The objective of the control is to find out the control command in which the output of the system tracks the desired trajectory. In the meantime, the self-tuning estimates the unknown
and
parameters of the system. In (4), the pairs of
are controllable and is a stable matrix. The VSC
control law is described as [20]

yields

(16)
(12)

Global stability of the self-tuning gradient estimator is therefore proven [16], where is the parameter estimation error. This
assures the zero estimation error of the estimator and its convergence in a proper time, i.e.,
(13)

,
, and
are the controller’s coefficients, which
where
are computed according to the sliding surface estimation error
and sets of input-output values analyzed recursively, and
is the input to the hypothetical model. The sliding surface is
an interface between the adaptive estimation and the VSC. The
gain-switching matrix and the controller parameters are computed based on the following equations [21]:
(17)
(18)
(19)

V. SELF-TUNING VARIABLE STRUCTURE CONTROLLER
In the previous section, the model estimating technique was
introduced and explained. In this section, the fundamentals of
variable structure controllers are described and applied to the
self-tuning unit.
VSCs are high-speed feedback systems that switch between
two values. The purpose of the switching is to drive systems (in
this case, LCRs) with unknown parameters to follow a specified trajectory called the “switching surface,” also known as the
“sliding surface” [16]. The first stage of designing a variable
structure controller is to design a switching surface in which
the LCR device can be controlled at stable and unstable equilibrium points. Furuta [11], [12], [17] has shown that a sliding
sector can be applied instead of the sliding surface with a specific control law. The second stage is to design the switching
control law and drive LCRs to follow a desired trajectory. In
this regard, Hsu et al. [18] have introduced VSCs without the
need for derivatives of the corresponding signals. In Section VI,
the VSC’s control law is discussed according to its application
in Micro Electro Mechanical Systems.

These equations describe the controller gains as functions of
the gain-switching matrix and the system and model parameters. The estimation error is determined through the self-tuning
algorithm and is used to form the sliding surface and control
command. The design of the gain-switching matrix, which was
introduced by Utkin and Yang [25], is explained in simplified
steps as follows.
The plant in (4) can be presented as
(20)
,

where

,

,
Let

and

, and
, and

are

,
submatrices, respectively.
, then matrix
is defined as
(21)

where
is the solution of the following algebraic Ricatti
equation:

A. Switching Surface Design
The existence conditions of the control law are presented in
[11], [18], and [20]. We assume that the conditions are held with
the same matrices in (4). In the STVSC, the model is estimated
and updated recursively until zero error conditions are obtained.
The switching hypersurfaces are hyperplanes [11] if

and
are arbitrary positive definite matrices that
where
satisfy (22) along with , and the gain-switching matrix is
defined as

(14)

(23)

where is the gain-switching matrix and
defines the sliding mode surfaces. The design objective is to find
the gains of the controller and a gain-switching matrix in which
the error reaches zero, i.e., [20]

(15)

(22)

where

is such that the equation
(24)

holds. is a nonsingular and arbitrary matrix. The choice of
, , and
affects
and the gain-switching matrix and will
impose different gain values in the control command.
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VI. FORMULATION FOR MEMS LCR
A. Self-Tuning Estimator
The transfer function of an LCR in (2) can be written as
(25)
,
,
where unknown coefficients
and
are to be identified during the online parameter
estimation process; , , and are unknown parameters of the
system. The input–output matrix representation with the filtered
signal vectors is [15]
(26)
where is ideally a 4 1 vector containing the unknown values
and is ideally a 4 1 vector containing the filtered input and
output signals. However, since there is one unknown parameter
, the corresponding signal and
in the nominator of the plant
parameter of the known value (zero in this case) were eliminated, therefore the vectors can be rewritten as

(27)
where “ ” denotes the filtered I/O signals.
Therefore, the self-tuning estimator updates the system pa, and
. Accordingly, the parameter adaprameters as ,
tation law can be written as [15]
(28)
B. Design of Control Law
The state space expression of (25) can be written in a canonical form as

(29)
,
Therefore, comparing (29) with (20) yields
, and
, and substituting these values into the Ricatti
equation (22), with unity values for
and , yields

(30)
and substituting
Taking the positive definite value
into (21) and applying (24) results in the gain-switching matrix
of
(31)
The values chosen for
and
resulted in the unity
and
a simple gain-switching matrix. However, any value satisfying
(21)–(24) is acceptable but might require higher gains in control
system implementation.

Fig. 5. Displacement feedback system using Doppler laser for optical displacement monitoring.

VII. DISPLACEMENT FEEDBACK TECHNIQUE
The parameter identification technique used in this paper
utilizes the position signal information acquired from the data
obtained by an optical probing of the LCR stage. A Doppler
laser velocimeter was used to optically monitor the lateral displacement of the microsystem. The Doppler laser measurement
system uses a reference beam and a measurement beam. The
variation in the reflected measurement beam phase, relative
to that of the reference beam, returns a signal proportional to
the velocity of the surface reflecting the measurement beam
relative to the surface reflecting the reference beam.
We use the changes in the velocimeter signal that arise from
the translation of a grating structure in the LCR shuttle through
the measurement beam to infer position information. This motion is shown in Fig. 5(a) and (b) and the optical beam placement on the device is shown in Fig. 6. Given that the velocity
measured by this velocimeter system corresponds to motion in
the direction parallel to the beam propagation, prominent transitions in the velocimeter signal occur only as the edges of the
released polysilicon layer pass through the measurement beam.
This generates the peak–valley points in the optical data shown
in Fig. 7 and are further used in the optical data-recovery unit,
which measures the shuttle displacement instantaneously.
The control command is then generated by the controller and
applied to the device. In this control approach, as mentioned before, the dc voltages are kept constant and the ac voltage applied
to the shuttle follows the control command to provide enough
force for the shuttle to follow the desired trajectory.
The advantage of this method is a high signal-to-noise ratio
(SNR) compared with the traditional through-wafer monitoring
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Fig. 8. Shuttle rotation and point adhesion fault location; the displacement on
different locations of the shuttle respect to the fault point is shown. The dimensions were exaggerated for a better demonstration.

Fig. 6. Openings on the moving stage (top view).

Fig. 7. Experimental setup and signaling flow. The feedback signal is an electric signal.

technique and an easy laser beam placement on the device as
shown in Fig. 6. Readers that are interested in data-recovery
technique and instantaneous displacement monitoring are referred to [22] and [23]
VIII. EXPERIMENTAL RESULTS AND DISCUSSION
A. Experiment Setup and Rotation Monitoring
As shown in Fig. 7, the overall experimental setup contains
a Doppler laser vibrometer Polytech PSV-300 to generate the
optical waveforms and a data-recovery component (which forms
the displacement feedback loop), a real-time control board-type
dSPACE PPC DS 1103, and the LCR actuator.
As mentioned earlier, the rotation of the shuttle cannot be
observed using the optical monitoring technique; however, the
-axis displacement and its effect on the shuttle rotation toward
the -axis can be chosen as an indicator of the rotation.
Assuming a linear relationship between the displacement
along the axis and rotation of the device (the solid shuttle
structure), the related pull-in voltage distance along the -axis
is linearly proportional to the displacement along the -axis
with an amplification coefficient . This requires roughly
1/3 of gap “ ” displacement to put the device in a region
of instability. Since the adhesion point causes rotation in the

LCR’s shuttle, combs that are farther from the location of the
fault on the shuttle undergo a larger displacement compared
to the middle parts and the combs that are closer to the fault
and
location. Fig. 8 shows displacement of the shuttle as
at the distances and , respectively. The displacement at
distance from the fault point is higher than what is recorded
at the openings of the device. The amplification ratio, which is
related to the distance from the adhesion point, is computed as
. For the manufactured device, this ratio equals
, meaning that the displacement at
the comb finger farthest from the fault point is approximately
twice of what is recorded by the optical monitoring system at
the openings on the shuttle.
The length of the flexure is another important factor for the
rotation of the device. For the same rotation angle, longer flexures are displaced farther and consequently are placed closer
is related to both
to the stationary fingers. The gap closing
the distance from the fault location and the rotation angle as
. For instance, in a 2- m gap closing
, the required
rotation angle for the comb located at a 400- m distance from
. A 2- m
the fault location is
gap closing accords with a 10- m displacement along the axis
and produces a 10.19- m diagonal displacement. This value, as
.
shown in Fig. 8, is larger for farther combs, i.e.,
B. Experiments
The successful application of STVSC is demonstrated in two
different operational scenarios: a normal operation and a fault
condition. In the first experiment, the trajectory is controlled for
two different cases of short and long displacement under normal
conditions and assuming negligible imperfections. In the second
experiment the trajectory is controlled beyond pull-in voltage
limits for a fabricated LCR device under fault conditions.
Case 1: A device was designed and foundry fabricated with
an additional mass on the shuttle to emulate the fabrication uncertainties. Thus, the mass in the model was considered at the
nominal value whereas the actual device had a 5% higher mass
content. The trajectory tracking performance is shown in Fig. 9.
As the figure shows, the tracking waveform follows the reference closely under healthy conditions and with a higher mass
quantity on the fabricated LCR. The characteristics of the variable structure controllers and the self-tuning estimators provide
for a robust controller in which a LCR device with uncertain parameters due to added mass, aging, and operating conditions can
be controlled to track the desired reference. The control effort
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Fig. 9. Tracking control and reference waveforms in terms of micrometers.

Fig. 10. Control command and the reference voltage.

Fig. 11. Adaptation of the STVSC for a low-frequency waveform.

Fig. 12. Displacement and tracking control beyond the pull-in voltage point in unstable region of operation. The transient tracking control in this region is shown
in dashed circles.

is shown in Fig. 10 and is compared with the model reference
input. The control command is in the same range as that of the
reference input, with sign changes to control and track the reference displacement.
In a stable region of operation, the self-tuning component of
the controller estimates the system parameter variations during
the operation, and then the estimation error is fed back to the
controller. The variable structure controller then generates a
suitable control command according to the control law (16). The
adaptation rate of trajectory control for a low-frequency reference is shown in Fig. 11. As the figure shows, the output estimation and the desired reference are completely matched in

a short time. The rate of the adaptation is directly related to the
adaptation gain of the controller. Over longer displacements beyond the pull-in voltage, assuming negligible imperfections, the
shuttle does not experience any rotation and provides a complete displacement under low-frequency excitation, as shown in
Fig. 12. The self-tuning estimator can also identify system variations. The control effort is shown in Fig. 13. The control command and the reference input are in almost the same range of
variations.
Case 2: In this case (test of the faulty device), an adhesion
point fault on the suspension spring of the LCR (see Figs. 2
and 3) is designed and fabricated. In addition to its resonant fre-
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Fig. 13. Reference and control command of long displacement transient tracking control.

Fig. 14. Trajectory control of the faulty device. Fault was as a point adhesion on the suspension spring of the LCR. Displacement is 2.1 times larger for the farthest
comb from the fault location. Dashed line shows the pull-in voltage limit.

Fig. 15. Control effort and the reference input in case of the point adhesion fault on the device.

quency variations, the adhesion point fault limits the displacement of the device. The device therefore operates at lower displacements and lower resonant frequencies. The output voltage
of the control hardware also limits the maximum displacement
achievable from the device, because, due to greater stiffness of
the suspension springs (with an anchor) of the system, higher
forces are required. The tracking control performance is shown
in Fig. 14. As mentioned earlier, the displacement at the critical comb (the farthest comb) is approximately two times longer
than the displacement of the center comb. The total gap required
for the pull-in limits is one third of the constant lateral gap or
0.7 m along the -axis. This value in a linear transformation
equals 3.5 m along the -axis. Pull-in voltage limit is therefore at 1.67 m shown with a dashed line in Fig. 14. This means
that any movement beyond this point is in an unstable region of
operation, in which the electrostatic force becomes much larger
than that of the restoring energy of the suspension spring. Fig. 14
also demonstrates the capabilities of STVSR in controlling the
small gap closing in LCRs. The control command in this case is
shown in Fig. 15. The controller changes the sign of the applied
voltage to have the device pulled back to the region of stability
and follow the reference trajectories.

IX. CONCLUSION
Tracking control of MEMS LCRs was studied under parameter uncertainties and fault conditions, where the pull-in voltage
effect was considered as a limitation. Pull-in voltage occurred
in the gap closing (between the stationary and shuttle fingers)
orthogonal to the main direction of displacement in the case
of shuttle rotation. STVSCs were applied to control the device under healthy and fault conditions. Manufacturing imperfections were also considered in the form of mass variation, a
additional mass, which was fabricated on the shuttle of
an LCR and used for trajectory control, applying the same controller structure. Experimental results demonstrated the effectiveness of the STVSC for trajectory control applications under
parameter uncertainties in a healthy device. The experiments
also verified the capabilities of the controller in the case of a
low-frequency long-displacement operation and beyond pull-in
voltage limits in the presence of fault in the microsystem.
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